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Abstract – The nonlinear regimes of convection in the system of three immiscible viscous fluids heated from above are investigated. The interfaces are
assumed to be flat. The boundary value problem is solved by the finite-difference method. Transitions between convective motions with different spatial
structures are investigated. The common diagram of instability regimes is constructed. The new phenomena caused by direct and indirect interaction
of anticonvective and thermocapillary mechanisms of instability are considered. Specifically, different oscillatory configurations where anticonvection
arises mainly near the upper interface and thermocapillary convection appears mainly near the lower interface have been found. 2000 Éditions
scientifiques et médicales Elsevier SAS

1. Introduction

It is well known (Gershuni and Zhukhovitskii [1]) that in a horizontal fluid layer heated from above all the
disturbances decay either in a monotonic or oscillatory manner and the mechanical equilibrium state is realized
in the system. It was shown by Welander [2] that when the temperature gradient is directed vertically upwards,
the two-layer system, consisting of two immiscible viscous fluids of infinite thicknesses, may become unstable
with respect to the monotonic disturbances. The non-Rayleigh mechanism of instability (anticonvection) which
is caused by heat and hydrodynamic interactions on the interface is realized in the system. It is important to
emphasize that this specific mechanism of instability may appear only under the definite conditions: we must
take fluids with considerably different physical properties. Particularly, the heat expansion coefficient of the
upper layer must be much smaller than that of the lower layer, and the thermal diffusivity of the lower layer
must be much higher than that of the upper one (or vice versa). The linear stability boundaries (for the layers
of finite thickness) were determined by Gershuni and Zhukhovitskii [3] and the finite-amplitude regimes of
anticonvection were obtained by Simanovskii [4] (see also Gershuni et al. [5]).

Another interfacial physical effect that may cause a convective instability is the thermocapillary effect
which can generate stationary (Pearson [6]) and oscillatory motions (Sternling and Scriven [7], Palmer and
Berg [8], Nepomnyashchy and Simanovskii [9]). In a real situation, various instability mechanisms may act
simultaneously. The combined action of anticonvective and thermocapillary mechanisms of instability in a
two-layer system was considered by Simanovskii [10] and Simanovskii et al. [11], where the steady convective
motions with different spatial structures were obtained in the system. The three-layer systems can differ
considerably from the systems with a single interface. The essentially new effect is the possibility of the
interaction between two interfaces. In three-layer systems it is possible to speak about the direct interaction
of anticonvective and thermocapillary mechanisms of instability (when both mechanisms act on one and the
same interface) and indirect interaction (when both mechanisms act on different interfaces). Evidently, the last
case cannot be realized in a two-layer system, and in this situation it is possible to expect the appearance of
qualitatively new mechanisms of convective instabilities.



124 I.B. Simanovskii / Eur. J. Mech. B - Fluids 19 (2000) 123–137

Figure 1. Geometrical configurations of the system and coordinate axes.

The investigation of multi-layer systems was started by Simanovskii et al. [12], Liu and Roux [13], Georis
et al. [14], Georis [15] where the Marangoni–Benard and Rayleigh–Benard convection were considered. In
these works for the system of three immiscible viscous fluids the linear stability of the mechanical equilibrium
state and the non-linear convective motions were studied. Particularly, it was shown by Simanovskii et al. [12]
and Georis et al. [14] that the three-layer system heated from below may become unstable with respect
to oscillatory disturbances, and a new type of thermocapillary oscillations was discovered. During these
oscillations both interfaces alternatively play the dominant role. Anticonvective mechanism of instability in
a three-layer system was investigated by Simanovskii [16]; it was shown that in one and the same system
anticonvection (for heating from above) and thermogravitational oscillations (for heating from below) can be
realized.

In the present paper we consider the combined action of anticonvective and thermocapillary mechanisms
of instability in three-layer systems with different physical properties. The paper is organized as follows.
In Section 2 we describe the formulation of the problem and numerical method. Section 3 is devoted to
consideration of the combined action of anticonvective and thermocapillary instability mechanisms. Section 4
contains some concluding remarks.

2. Formulation of the problem and the numerical method

Let a rectangular cavity with rigid boundaries be filled by three immiscible viscous fluids (seefigure 1).
Indices 1 and 3 are related to the exterior layers, and index 2 is related to the middle one. The plates are kept at
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different constant temperatures (the total temperature drop isθ ). It is assumed that surface tension coefficients
on the upper and lower interfacesσ andσ∗ decrease linearly with temperature:σ = σ0− αT , σ∗ = σ0∗ − α∗T .
The Boussinesq approximation is used for the description of convection. In the framework of the Boussinesq
approximation, the deformations of the interfaces are negligible (Simanovskii and Nepomnyashchy [17]).

Let us use the following notations:

ν∗ = ν3/ν1, ν = ν3/ν2, η∗ = η3/η1, η= η3/η2, κ∗ = κ3/κ1, κ = κ3/κ2,

χ∗ = χ3/χ1, χ = χ3/χ2, β∗ = β3/β1, β = β3/β2, α = α∗/α,
a = a1/a3, a = a2/a3, L= l/a3.

Hereνi , ηi , κi , χi , βi andai are, respectively, kinematic and dynamic viscosities, heat conductivity, thermal
diffusivity, heat expansion coefficient and the thickness of theith layer (i = 1,2,3). As the units of length,
time, velocity, pressure and temperature we usea3, a2

3/ν3, ν3/a3, ρ3ν
2
3/a

2
3 andθ , respectively. Introducing the

stream functionψ and vorticityϕ, we can write the dimensionless equations in the following form:

∂ϕi

∂t
+ ∂ψi
∂y
· ∂ϕi
∂x
− ∂ψi
∂x
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Here,d3 = b3 = c3 = 1; d1 = 1/ν∗, b1 = 1/β∗, c1 = 1/χ∗; d2 = 1/ν, b2 = 1/β, c2 = 1/χ ; G = gβ3θa
3
3/ν

2
3 is

the Grashof number,P = ν3/χ3 is the Prandtl number for the liquid in layer 3.

At the interfaces, normal components of velocity vanish and the continuity conditions for tangential
components of velocity and viscous stresses, temperatures and heat fluxes also apply:

y = 0: ψ2=ψ3= 0,
∂ψ2
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1
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y =−a: ψ1=ψ2= 0,
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= 1
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HereMr = ηM/P ,Mr∗ = η∗αM/P ;M = αθa3/η3χ3 is the Marangoni number. On the horizontal solid plates
the boundary conditions have the form:

y = 1: ψ3= ∂ψ3

∂y
= 0, T3= 0; (4)

y =−a − a∗: ψ1= ∂ψ1

∂y
= 0, T1=−1 (5)

(as the reference point for the temperature we choose the temperature on the upper rigid plate).

We consider the following boundary conditions on vertical walls:

x =−L/2,L/2 : ψi = ∂ψi
∂x
= 0,

∂Ti

∂x
= 0, i = 1,2,3. (6)
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The boundary value problem (1)–(6) contains seventeen independent non-dimensional parameters. The
parametric investigation of this problem seems to be impossible. Because of this we shall concentrate on some
particular systems of fluids demonstrating various characteristic phenomena.

The boundary value problem (1)–(6) was solved by the finite difference method. Equations were
approximated on a uniform 28× 84 mesh using a second order approximation for the spatial coordinates and
solved using an explicit scheme with central differences. The time step was calculated by the formula:

1t = [min(1x,1y)]2× [min(1, ν,χ, ν∗, χ∗)]
2[2+maxψi(x, y)] .

The Poisson equations were solved by the iterative Liebman successive over-relaxation method on each time
step. It turned out that the oscillatory motions were more sensitive to the numerical inaccuracies. Because of
that, we used a more accurate solution of the Poisson equations in the oscillatory case. Actually, the quantity

ε=max
|(ψi)n+1− (ψi)n|
|(ψi)n| ,

wheren is the number of iterations, was smaller than 10−4 for steady solutions and 10−5 for oscillations. The
Kuskova and Chudov formulas (Kuskova and Chudov [18]) providing the second order accuracy were used for
approximation of the vorticity on the solid boundaries. For example, on the boundaryx =−L/2:

ϕi(−L/2, y)= ψi(21x,y)− 8ψi(1x, y)

2(1x)2
.

At the interfaces the expressions for the vorticities at the exterior layers were approximated with a second-
order scheme for the spatial coordinates and had a form:

ϕ3(x,0)=−2[ψ2(x,−1y)+ψ3(x,1y)]
(1y)2(1+ η) −Mr 1

1+ η
∂T3

∂x
(x,0), (7)

ϕ2(x,0)= ηϕ3(x,0)+Mr ∂T3

∂x
(x,0), (8)

ϕ2(x,−a)=−2[ψ1(x,−a −1y)+ψ2(x,−a +1y)]
(1y)2(1+ η∗η−1)

−Mr∗ 1

1+ η∗η−1

∂T2

∂x
(x,−a), (9)

ϕ1(x,−a)= η∗η−1ϕ2(x,−a)+Mr∗ ∂T2

∂x
(x,−a). (10)

Here1x, 1y are the mesh sizes for the corresponding coordinates. The temperatures on the interfaces were
calculated by the second-order approximation formulas:

T2(x,0)= T3(x,0)= [4T2(x,−1y)− T2(x,−21y)] + κ[4T3(x,1y)− T3(x,−21y)]
3(1+ κ) ,
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Table I. Dependence ofτ and(ψ3)max on mesh size.

Mesh sizes τ (ψ3)max

28× 84 0.992 3.128

42× 84 0.992 3.154

28× 126 0.992 3.140

56× 168 0.992 3.195

Table II. Dependence ofτ and(ψ3)max on time step.

Time step τ (ψ3)max

1t 0.992 3.128

1t/2 0.992 3.121

1t/4 0.992 3.117

T2(x,−a)= T1(x,−a)
= κ∗[4T2(x,−a +1y)− T2(x,−a + 21y)] + κ[4T1(x,−a −1y)− T1(x,−a − 21y)]

3(κ + κ∗) .

The same code was formerly used for calculation of convective flows in three-layer systems (see Simanovskii
et al. [12], Georis et al. [14]). It turned out to be efficient for calculation of both stationary and oscillatory
convective motions.

To estimate the accuracy of the results, we performed some tests. We checked up the results on 42× 84,
28× 126 and 56× 168 meshes. The typical test results obtained for the system described in Section 3.2
(M = 27500,G = 4500,α = 200) are shown intables I and II . These tables present the dependences of
the oscillations periodτ and the maximal value of the stream function(ψ3)max in the upper layer on the mesh
size (table I) and time step (table II). Relative changes of stream function amplitudes for all mesh sizes do not
exceed 3%. The maximal relative changes (up to 12%) were observed for the vorticity near the corner points
where the vorticity field is not continuous. The details of the numerical method can be found in the book of
Simanovskii and Nepomnyashchy [17].

3. Interaction on anticonvection and thermocapillarity—numerical results

3.1. Direct interaction

Let us consider the model system heated from above which is characterized by the following set of
parameters:η = 0.2, ν = 1, κ = 0.1, χ = 0.1, β = 0.01, η∗ = 0.04, ν∗ = 1, κ∗ = 0.1, χ∗ = 0.07, β∗ = 0.01,
α = 1, a = a∗ = 1. It means that the heat expansion coefficient of the upper layer is much smaller than that of
the middle layer, and the thermal diffusivity of the middle layer is much higher than that of the upper one. The
values of the Prandtl number and the ratio of the length of the cavity to the thickness of the upper layer are
fixed: P = 1, L = 2.5. This choice is based on the fact that this system displays an anticonvective instability
(Simanovskii [16]). The explanation of the physical nature of the anticonvective instability mechanism, given
by Gershuni and Zhukhovitskii [3] (see also Simanovskii [16]), is as follows.

The temperature fluctuation at the upper interface generates convection in the middle fluid with high
buoyancy. This convective motion cannot neutralize the temperature fluctuation due to the high thermal
diffusivity of the middle layer. At the same time, the convective motion in the middle layer provides the
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Figure 2. Dependence of maximum values of stream function modulus(ψi)max (i = 1,2,3) on the Grashof number(α = 1).

viscous stresses, that induce a motion in the upper fluid with the weak buoyancy. The latter motion supports
the temperature fluctuation.

With the increase in the Grashof number, the mechanical equilibrium state becomes unstable and the
steady motion is realized in the system asG∗ > 2900. For the system under consideration, conditions for
the appearance of the anticonvection (asG 6= 0, M = 0) are satisfied on the upper interface. Therefore, the
anticonvection is generated in the upper layer and in the middle layer. Among these two layers, the intensity of
the convection, as usual, is higher in the layer with higher buoyancy, e.g. in the middle layer (seefigure 2). The
motion in the lower layer is induced by viscous stresses on the lower interface, and its intensity is relatively low
(seefigure 2). The typical structures of the anticonvective motion for different values of the Grashof numbers
are shown infigures 3(a)and3(b). The stream function and the temperature fields have the symmetry

ψi(−x, y)=−ψi(x, y), Ti(−x, y)= Ti(x, y) (i = 1,2,3). (11)

Close to the instability threshold an additional vortex appears in the third layer near the upper interface (see
figure 3(a)). At the larger values ofG the intensity of convection grows and the additional vortex becomes
comparable in volume (but not in intensity) with the main one (seefigure 3(b)). The above conclusions are not
sensitive to the numerical inaccuracies. Near the lower interface a weak motion exists.

The thermocapillary convection (M 6= 0, G = 0) also appears near the upper interface. Unlike the case of
anticonvection, the intensities of the thermocapillary convection in both upper and middle layers are of the
same order (seefigure 4). The directions of rotation coincide for anticonvective and thermocapillary motions.
When both mechanisms of instability act simultaneously, the intensity of the motion increases in both fluids,
but its increase in the middle layer is much stronger (seefigure 5).

Thus, for the given system the direct interaction of both mechanisms of instability does not produce
qualitatively new flow structures.
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Figure 3. Streamlines for the steady motion(M = 0): (a)G= 4500; (b)G= 42000.

Figure 4. Streamlines for pure thermocapillary motion (M = 12000,G= 0, α = 1).
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Figure 5. Streamlines for the combined action of thermocapillary and anticonvective mechanisms of instability (M = 12000,G= 4500,α = 1).

Figure 6. The dependenceSil (t) (i = 1,2,3) for M = 8500,G= 0, α = 200.
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3.2. Indirect interaction

In the present subsection, we shall concentrate on a qualitatively new situation, where both instability
mechanisms act on different interfaces. Such an ‘indirect’ interaction of instability mechanisms is possible
only in three-layer systems. With the change inα (all the other parameters being the same), the role of two
interfaces in the generation of the thermocapillary convection (M 6= 0,G = 0) also changes. If 1< α < 180
thermocapillary convection is generated by both interfaces, and ifα > 180, the thermocapillary motion takes
place mainly near the lower interface. We shall take the previous system withα = 200. When the Marangoni
number is small enough, the system keeps the mechanical equilibrium state; all the disturbances decay in
an oscillatory manner. With the increase inM the mechanical equilibrium state becomes unstable and the
oscillatory motion is realized in the system.

To simplify the description of motions, we shall introduce the following integral characteristics:

S1l(t)=
∫ 0

−L/2
dx

∫ −a
−a−a∗

dy ψ1(x, y, t),

S2l(t)=
∫ 0

−L/2
dx

∫ 0

−a
dy ψ2(x, y, t), (12)

S3l(t)=
∫ 0

−L/2
dx

∫ 1

0
dy ψ3(x, y, t), S3r(t)=

∫ L/2

0
dx

∫ 1

0
dy ψ3(x, y, t).

that provide some reduced information about the intensity and the symmetry of the motion.

Not far from the threshold, oscillations have a rather simple, almost sinusoidal form (seefigure 6), but the
mean values ofSil(t), i = 1,2,3 are different from zero. The fields of stream function and temperature do not

Figure 7. The phase trajectory for thermocapillary motion (M = 8500,G= 0, α = 200).
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Figure 8. The dependence of the period of oscillations on the Marangoni number: (1)G= 0; (2)G= 250; (3)G= 3250; (4)G= 3500; (5)G= 3750;
(6)G= 4500.

satisfy the symmetry conditions (11). The typical phase trajectory is presented infigure 7. With the increase
in the Marangoni number, the period of oscillations grows (seefigure 8, line 1). ForM > 17500 oscillations
become unstable and the steady motion is realized in the system. The streamlines, corresponding to this steady
state, are presented infigure 9. Thus, for the given system the thermocapillary motion (M 6= 0,G = 0) takes
place mainly near the lower interface.

Let us consider now the combined action of both mechanisms of instability. We shall remind, that the upper
interface plays an active role in the generation of anticonvection ifG 6= 0, M = 0. The common diagram of
instability regimes on the plane “the Grashof number–the Marangoni number” is shown infigure 10. One can
see that inclusion ofG leads to the destruction of oscillations of the thermocapillary nature (seefigure 10,
region I) and establishment of the steady state in the system. The typical structure of the steady motion at
the relatively small values ofG andM is shown infigure 11. At the larger values ofM andG the new
type of oscillations, essentially connected with the indirect interaction of both mechanisms of instability is
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Figure 9. Streamlines for the steady state (M = 20000,G= 0, α = 200).

Figure 10.The common diagram of instability regimes on the plane “the Marangoni number–the Grashof number” ((M) equilibrium state;(�) steady
state;(◦) oscillations; the dashed region—overlapping of the stability regions of the steady state and oscillations).
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Figure 11.Streamlines for the steady state (M = 10000,G= 2000,α = 200).

Figure 12.The dependenceSil (t) (i = 1,2,3) for M = 27500,G= 4500,α = 200.
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Figure 13.Streamlines for the periodic oscillatory motion for the half of the period (M = 27500,G= 4500,α = 200).

realized (seefigure 10, region II). We would like to emphasize that even in this situation, when for pure
anticonvection (G 6= 0,M = 0) and for pure thermocapillary convection (M 6= 0,G= 0) only the steady motion
takes place, the combined action of both mechanisms of instability may lead to the appearance of oscillations.
The dependenceτ(M) for different values of the Grashof number (line 2 (for the region I) and lines 3–6 (for
the region II)) is shown infigure 8. The dependenceSil(t) (i = 1,2,3) for the region II is presented infigure 12.
One can see that onlyS1l changes the sign during the oscillatory process. The evolution of streamlines during
one half of the period is shown infigure 13. During the second half of the period, the following property holds:
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(a) (b)

Figure 14.Streamlines for the steady motion (M = 25000,α = 200): (a)G= 4500; (b)G= 3000.

ψ(x, t + τ/2)=−ψ(−x, t), T (x, t + τ/2)= T (−x, t).

The most intensive motion takes place mainly near the lower interface.

The physical origin of oscillations, in our opinion, is the competition between two possible, essentially
different structures of the motion corresponding tofigures 9and11. Because of this competition, both kinds
of stationary structures are unstable. The oscillatory flow is some kind of a nonlinear superposition of both
structures, and during the part of the period it resembles the first structure (figures 13(a), 13(d)) or the second
structure (figure 13(b)).

For a fixed value of the Marangoni number the decrease in the Grashof number can lead to the establishment
of two different steady states, depending on initial conditions (seefigures 14(a), 14(b)). The motion shown
in figure 14(a)is perfectly symmetric: the stream function and the temperature fields satisfy the symmetry
conditions (11). For the motion shown infigure 14(b)the symmetry properties (11) are violated. The stability
regions of oscillatory and steady motions (seefigure 10, region III) overlap.

4. Conclusion

We considered the system of three immiscible viscous fluids with undeformable interfaces filling a closed
cavity when heating is from above. Direct and indirect interactions of anticonvective and thermocapillary
mechanisms of instability are studied. The specific new type of convective oscillations, essentially connected
with the indirect interaction of both mechanisms of instability is found. It is shown that even in the situation,
when for pure anticonvection and for pure thermocapillary convection only the steady motion takes place, the
combined action of both mechanisms of instability may lead to the appearance of oscillations. The stability
regions of oscillations and stationary motions overlap.
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